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(57) ABSTRACT

Techniques are disclosed for optimizing and maintaining
cyclic biped locomotion of a robot on an object. The approach
includes simulating trajectories of the robot in contact with
the object. During each trajectory, the robot maintains bal-
ance on the object, while using the object for locomotion. The
approach further includes determining, based on the simu-
lated trajectories, an initial state of a cyclic gait of the robot
such that the simulated trajectory of the robot starting from
the initial state substantially returns to the initial state at an
end of one cycle of the cyclic gait. In addition, the approach
includes sending joint angles and joint velocities of the initial
state to a set of joint controllers of the robot to cause a leg of
the robot to achieve the initial state so the robot moves
through one or more cycles of the cyclic gait.
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110



US 9,156,159 B2
Page 2

(56) References Cited

OTHER PUBLICATIONS

M. Stilman; J.-U. Schamburek; J. Kuffner; and T. Asfour, “Manipu-
lation Planning Among Movable Obstacles”, in Proc. IEEE Int. Conf.
Robot, Automat., Roma, Italy, 2007, pp. 3327-3332.

Y. Zheng and K. Yamane, “Ball Walker: A Case Study of Humanoid
Robot Locomotion in Non-Stationary Environments”, in Proc. IEEE
Int. Cont. Robot, Automat., Shanghai, China, 2011, to appear.

T. McGeer, “Passive Dynamic Walking”, Int. J. Robot, Res., vol. 9,
No. 2, pp. 62-82, 1990.

A. Goswami; B. Thuilot; and B. Espiau, “A Study of the Passive Gait
of a Compass-Like Biped Robot: Symmetry and Chaos”, Int. J.
Robot, Res., vol. 17, No. 12, pp. 1282-1301, 1998.

M. Garcia; A. Chatterjee; A. Ruina; and M. Coleman, “The Simplest
Walking Model: Stability, Complexity, and Scaling”, ASME J. of
Biomech, Eng., vol. 120, pp. 281-288, 1998.

K. Osuka nad K. Kirihara, “Motion Analysis and Experiments of
Passive Walking Robot Quartet I, in Proc. IEEE Int. Conf. Robot,
Automat., San Francisco, CA, 2000, pp. 3052-3056.

S.H. Collins; M. Wisse; and A. Ruina, “A Three-Dimensional Pas-
sive-Dynamic Walking Robot With Two Legs and Knees”, Int. J.
Robot, Res., vol. 20, No. 7, pp. 607-615, 2001.

Y. Ikemata; S. Akihito; and H. Fujimoto, : Analysis of Limit Cycle in
Passive Walking, in Proc. IEEE/RSJ Int. Conf. Intell. Robots Syst.,
Las Vegas, Nevada, 2003, pp. 601-606.

Y. Ikemata; K. Yasuhara; A. Sano; and H. Fujimoto, “Generation and
Local Stabilization of Fixed Point Based on a Stability Mechanism of
Passive Working”, in Proc. IEEE Int. Conf. Robot, Automat., Pasa-
dena, CA, 2008, pp. 1588-1593.

L.B. Freidovich; U. Mettin; A.S. Shiriaev; and M.W. Spong, “A
Passive 2-DOF Walker: Hunting for Gaits Using Virtual Holonomic
Constraints”, IEEE Trans. Robot., vol. 25, No. 5, pp. 1202-1208,
2009.

A.D. Kuo, “Energetics of Actively Powered Locomotion Using the
Simplest Walking Model”, ASME J. of Biomech, Eng., vol. 124, No.
2, pp. 113-120, 2002.

E. Dertien, “Dynamic Walking With Dribbel”, IEEE Robot, Automat,
Mag., vol. 13, No. 3, pp. 118-121, 2006.

Y. Harada; J. Takahashi; D. Nenchev; and D. Sato, “Limit Cycle
Based Walk of a Powered 7DOF 3D Biped With Flat Feet”, in Proc,
IEEEE/RSJ Int. Conf. Intell, Robots Syst., Taipei, Taiwan, 2010, pp.
3632-3628.

D.E. Whitney, “Resolved Motion Rate Control of Manipulators and
Human Prostheses”, IEEE Trans, Man, Mach. Syst., vol. 10, No. 2,
pp. 47-53, 1969.

* cited by examiner



U.S. Patent Oct. 13, 2015 Sheet 1 of 6 US 9,156,159 B2

130

120
FIG. 1




U.S. Patent Oct. 13, 2015 Sheet 2 of 6 US 9,156,159 B2

7 ,’
0 Qs
F1 0 F2
(X0.¥o) 111




U.S. Patent Oct. 13, 2015 Sheet 3 of 6 US 9,156,159 B2

o

RECEIVE VALUES OF OBJECT PARAMETERS, ~__ 310
LOCOMOTION PARAMETERS, AND MASS AND
INERTIA OF SEGMENTS OF ROBOT

i

DETERMINE, USING THE RECEIVED VALUES, JOINT
ANGLES AND JOINT VELOCITIES THAT MINIMIZE
A COST FUNCTION ASSOCIATED WITH A BALANCE
CONTROLLER AND A COLLISION MODEL

Ceno>

FIG. 3



U.S. Patent Oct. 13, 2015 Sheet 4 of 6 US 9,156,159 B2

400

-

DETERMINE, VIA INVERSE KINEMATICS, JOINT ANGLES [~_- 410
FOR NEXT STEP SUCH THAT THE SWINGING FOOT
OF THE ROBOT IS CONSTRAINED TO TOUCH THE
BALL AND THE ROBOT COM AT THE NEXT STEP
WILL BE THE SAME AS THE ROBOT COM AT THE
BEGINNING OF THE PLANNED GAIT

Y

DETERMINE JOINT VELOCITIES THAT MINIMIZE ~_ 420
A COST FUNCTION TO OBTAIN AN INITIAL STATE
FOR THE ROBOT'S NEXT STEP

FIG. 4




U.S. Patent Oct. 13, 2015 Sheet 5 of 6 US 9,156,159 B2

GENERATE ROBOT CYCLIC GAIT PLAN THAT [ ™~ 510
USES DYNAMIC OBJECT FOR LOCOMOTION

Y

CAUSE ROBOT TO EXECUTE PLANNED (220
CYCLIC GAIT

530

CONTINUE
PLANNED CYCLIC
GAIT?

YES

Y

BEFORE NEXT STEP, GENERATE STEP PLAN [~_- 940
FOR MAINTAINING PLANNED CYCLIC GAIT

Y

CAUSE ROBOT TO EXECUTE 550
STEP PLAN

FIG. 5



U.S. Patent Oct. 13, 2015 Sheet 6 of 6 US 9,156,159 B2

650
/O DEVICES
1
/_610 { -840 630
/O DEVICES NETWORK
CPU INTERFACE INTERFACE
i 1 [
| ‘ |
INTERCONNECT (BUS) 615

I [

! 660 ,~620
OPERATING SYSTEM 661 STORAGE
ROBOT CONTROL 664
APPLICATION
CYCLIC GAIT PLANNING 662
APPLICATION
STEP PLANNING 663
APPLICATION

FIG. 6



US 9,156,159 B2

1
ROBOT CYCLIC LOCOMOTION USING A
DYNAMIC OBJECT

BACKGROUND

Building robots as capable as, or more capable than,
humans is one of the ultimate goals in humanoid robotics. To
this end, researchers have developed robots capable of ordi-
nary human tasks such as walking and running as well as tasks
that are difficult for humans to perform, such as flipping and
juggling.

Further, researchers have developed techniques for con-
trolling and planning robot tasks under some dynamic envi-
ronments and external disturbances. However, these tech-
niques often focus on passive adaptation to dynamic changes
in the environment. That is, the dynamic environment is
treated as a disturbance that is merely absorbed by a controller
to maintain the robot motion. The robot does not create or
manipulate the dynamic conditions to perform the task.

SUMMARY

One aspect of the disclosure provides a computer imple-
mented method, which includes simulating one or more tra-
jectories of a robot in contact with a secondary object. During
each of the one or more trajectories, the robot maintains
balance on the secondary object, and the robot uses the sec-
ondary object for locomotion. The approach further includes
determining, based on the simulated trajectories, a first initial
state of a cyclic gait of the robot such that the simulated
trajectory of the robot starting from the first initial state sub-
stantially returns to the first initial state at an end of one cycle
of'the cyclic gait. In addition, the approach includes sending
joint angles and joint velocities of the first initial state to a set
of joint controllers of the robot to cause a leg of the robot to
achieve the first initial state and the robot to move through one
or more cycles of the cyclic gait.

Other aspects include, without limitation, a computer-
readable medium that includes instructions that enable a pro-
cessing unit to implement one or more aspects of the dis-
closed methods as well as a system configured to implement
one or more aspects of the disclosed methods.

BRIEF DESCRIPTION OF THE DRAWINGS

So that the manner in which the above recited aspects are
attained and can be understood in detail, a more particular
description of aspects of the disclosure, briefly summarized
above, may be had by reference to the appended drawings.

It is to be noted, however, that the appended drawings
illustrate only typical aspects of this disclosure and are there-
fore not to be considered limiting of'its scope, for the disclo-
sure may admit to other equally effective aspects of the dis-
closure.

FIG. 1 depicts a cyclic gait of a model biped robot, repre-
senting a robot, using a dynamic object, according to one
aspect of the disclosure.

FIG. 2 depicts a collision model, according to one aspect of
the disclosure.

FIG. 3 is a flow diagram illustrating one aspect of a method
for planning a cyclic gait of a biped robot using a dynamic
object.

FIG. 4 is a flow diagram illustrating one aspect of a method
for maintaining a planned cyclic gait of a biped robot using a
dynamic object.
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FIG. 5 is a flow diagram illustrating one aspect of a method
for optimizing and controlling cyclic biped locomotion of a
robot using a dynamic object.

FIG. 6 depicts ablock diagram of a system in which aspects
of the disclosure may be implemented.

DETAILED DESCRIPTION

Aspects presented herein provide techniques that enable
humanoid robot locomotion on a rolling ball. In particular,
aspects permit the robot to intentionally manipulate the ball to
move forward while maintaining balance on the ball.

In one aspect, a computer is configured to determine a
planned cyclic gait by minimizing a cost function with the
following terms: (1) difference (also referred to herein as the
“error”) in initial and final state center-of-mass (CoM) posi-
tions and (2) difference in initial and final state joint veloci-
ties. As used herein, a planned cyclic gait includes at least an
initial state having joint angles and joint trajectories such that
the robot can execute a cyclic gait after a leg of the robot is
placed in the initial state.

As the robot performs the planned cyclic gait, the computer
is further configured to determine plans for individual steps so
as to correct any deviations from the cyclic gait as originally
planned (i.e., to maintain the original planned cyclic gait).
Specifically, the joint angles of a swinging leg before the
swinging leg collides with on object at the next step of the
cyclic gait are computed via inverse kinematics so that the
CoM of the robot will be the same as the CoM of the robot
before the swinging leg collides with the object in the planned
cyclic gait and so that the robot will be able to make contact
with the ball. Further, the joint velocities are calculated to
minimize a cost function with the following terms: (1) differ-
ence in initial and final state center-of-mass (CoM) positions
and (2) difference between the initial states of two successive
steps (i.e., the difference between the initial state of one cycle
and the final state of that cycle).

Note, the discussion below generally describes robot loco-
motion on a rolling ball as an example of locomotion using a
dynamic object. Of course, one of ordinary skill in the art will
recognize that the techniques for configuring robot locomo-
tion on a rolling ball may be adapted to model and perform
other forms of locomotion using other dynamic objects, such
as cylinders. Further, the discussion below provides a model
for locomotion on a rolling ball in two dimensions (i.e.,
locomotion in a generally linear direction). One of ordinary
skill in the art will appreciate that the discussed techniques
may be generalized to three dimensions (i.e., to a gait that can
include curves in forward direction).

Additionally, the following description references aspects
of the disclosure. However, it should be understood that the
disclosure is not limited to specific described aspects. Instead,
any combination of the following features and elements,
whether related to different aspects or not, is contemplated to
implement and practice the disclosure. Furthermore,
although aspects of the disclosure may achieve advantages
over other possible solutions and/or over the prior art,
whether or not a particular advantage is achieved by a given
aspect is not limiting of the disclosure. Thus, the following
aspects, features, aspects and advantages are merely illustra-
tive and are not considered elements or limitations of the
appended claims except where explicitly recited in a claim(s).
Likewise, reference to “the disclosure” shall not be construed
as a generalization of any inventive subject matter disclosed
herein and shall not be considered to be an element or limi-
tation of the appended claims except where explicitly recited
in a claim(s).
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Aspects of the present disclosure may be embodied as a
system, method or computer program product. Accordingly,
aspects of the present disclosure may take the form of an
entirely hardware aspect, an entirely software aspect (includ-
ing firmware, resident software, micro-code, etc.) or an aspect
combining software and hardware aspects that may all gen-
erally be referred to herein as a “circuit,” “module” or “sys-
tem.” Furthermore, aspects of the present disclosure may take
the form of a computer program product embodied in one or
more computer readable medium(s) having computer read-
able program code embodied thereon.

Any combination of one or more computer readable medi-
um(s) may be utilized. The computer readable medium may
be a computer readable signal medium or a computer read-
able storage medium. A computer readable storage medium
may be, for example, but not limited to, an electronic, mag-
netic, optical, electromagnetic, infrared, or semiconductor
system, apparatus, or device, or any suitable combination of
the foregoing. More specific examples (a non-exhaustive list)
of the computer readable storage medium would include the
following: an electrical connection having one or more wires,
a portable computer diskette, a hard disk, a random access
memory (RAM), a read-only memory (ROM), an erasable
programmable read-only memory (EPROM or Flash
memory), an optical fiber, a portable compact disc read-only
memory (CD-ROM), an optical storage device, a magnetic
storage device, or any suitable combination of the foregoing.
In the context of this document, a computer readable storage
medium may be any tangible medium that can contain, or
store a program for use by or in connection with an instruction
execution system, apparatus or device.

The flowchart and block diagrams in the Figures illustrate
the architecture, functionality and operation of possible
implementations of systems, methods and computer program
products according to various aspects of the present disclo-
sure. In this regard, each block in the flowchart or block
diagrams may represent a module, segment or portion of
code, which comprises one or more executable instructions
for implementing the specified logical function(s). In some
alternative implementations the functions noted in the block
may occur out of the order noted in the figures. For example,
two blocks shown in succession may, in fact, be executed
substantially concurrently, or the blocks may sometimes be
executed in the reverse order, depending upon the function-
ality involved. Each block of the block diagrams and/or flow-
chart illustrations, and combinations of blocks in the block
diagrams and/or flowchart illustrations can be implemented
by special-purpose hardware-based systems that perform the
specified functions or acts, or combinations of special pur-
pose hardware and computer instructions.

FIG. 1 depicts a cyclic gait of a model biped robot, repre-
senting an actual robot (not shown), on a rolling ball in two
dimensions, according to one aspect of the disclosure. The
gait of the robot model 119 may be readily mapped to a gait of
the actual robot. As shown, the sequence of motions begin-
ning with one foot, the right foot 1165, in the initial state in
panel 110 and ending with the other foot, the left foot 1165, in
the initial state in panel 130 are alternatively referred to herein
as a step or a cycle of the cyclic gait. In panel 110, the robot
model 119, which is a simplified representation of a physical
robot, begins one cycle with left foot 1164 in front of right
foot 1165. At the beginning of each cycle, one foot of the
robot model 119 collides with the ball 111 while the other foot
lifts off of the ball 111. The state of the colliding foot imme-
diately before its collision with the ball is referred to herein as
the initial state of that foot for the cycle.
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In FIG. 1, the colliding foot is the left foot 1164 and the
lifting foot (also referred to herein as the swinging foot) is the
right foot 1165. In one aspect, the collision itself may be
modeled via a collision model, as described more fully below
in conjunction with FI1G. 2. Following the initial state, the foot
that collided with the ball 111 moves along and maintains
contact with the surface of the ball 111, thereby supporting
the robot on the ball (i.e., the foot/leg acts a supporting foot/
leg), while the lifted foot swings backwards without contact-
ing the surface of the ball 111 (as shown in panel 120). In
panel 130, the supporting leg is about to leave the ball, and
this state of the supporting leg is referred to herein as the “final
state” achieved at the end of a cycle. Further, in panel 130, the
swinging foot of the robot achieves the initial state that the
other food began in at the end of the cycle. This initial state
may not be achieved exactly because of disturbances or mod-
eling errors.

In order for the robot, represented by the robot model 119,
to maintain balance on the ball, a balance controller may be
designed. In particular, the balance controller may be
designed to continuously try to bring the robot model 119 to
an equilibrium state balanced on the ball 111. After one leg of
the robot model 119 is placed in the initial state, the action of
the balance controller in attempting to bring the robot model
119 to the equilibrium state may cause the robot to undertake
a cycle of a cyclic gait. Further, given the balance controller
and a collision model, described more fully below, the motion
of'the supporting leg and foot during a cyclic gait are uniquely
determined by the initial state shown in panel 110. As a result,
for any given step duration and average velocity, an initial
state can be determined so as to allow the robot model 119
(and in turn the actual robot) to realize a cyclic gait by achiev-
ing the determined initial state.

In one aspect, the balance controller may be based on the
robot model 119 depicted in FIG. 1. The robot model 119
includes two feet 1164 and 1165, a lump mass 112, ankle
joints 117a and 1174, and two sets of springs and dampers
113 and 114. Let ry, 1y, I, m;, I;, m,, I, and L=L,+] respec-
tively denote radius, mass, and inertia of a ball 111; mass and
inertia of a robot foot; mass and inertia of an inverted pendu-
lum; and distance between an ankle joint 117a-b and lump
mass 112, where L, is distance while the robot model 119 is
in a rest position and/is a change of distance when the robot
model 119 deviates from the rest position. Further, let 6, 6,,
and 0, respectively denote roll angle of the ball 111, relative
rotation of the supporting foot on the ball 111, and the angle
of the corresponding ankle joint. Assuming the CoM of each
foot 116a-4 is at the respective ankle and that there is no slip
between the feet 116a-5 and the ball 111, then the linearized
equation of motion during single support need not account for
the swinging foot and can be written as

MB+GO=T )

where 6=[6, 0, 8,117, T=[0 0T, {]%, T, is the ankle torque, {'is
the spring-damper force, and

My +1 M+, M, 0O

My +1, Ms+1I, M; 0
M=, My My 0

0 0 0 my
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-continued
Gy +mpgly mygly mygLy 0
G- magly  maglo—Gi magly -G 0
magl, magly magLy 0
0 0 0 mp

M, = morg +4m1r§ +m2Lf,
My =myLoLy + I,

M3 =myl} + 1,

Ly =2ry+ Ly,

I=h+1 +15,

and

Gy = (my +my)gr,.

Equation (1) may be rewritten as a state-space differential
equation

X=Ax+Bu 2)
where x=[67 677 is the state, u=[t, f]” is the input, and the

matrices A and B are given by

Oaxa lgxa
a=| 7 ,
MG Ospa
O4x2
00
B= 00
e
10
01

Further, a state-feedback controller may satisty

u=K(x*-x) 3)

where KeR *® is a feedback gain and x* is an equilibrium
state such that Ax*=0. The first row of K consists of feedback
gains for generating T,, while the second row of K includes
the spring and damper coefficients for generating f. Since A
here has full rank, x*=0 is the only equilibrium state. Substi-
tuting equation (3) into equation (2) yields

*=(4-BK)x (©)]

Further, solving for x in equation (4) gives

x=e BRI,

®

where X, is the initial state. The feedback gain K may be
chosen to ensure that all the eigenvalues of A-BK have nega-
tive real parts and the system asymptotically converges to the
equilibrium state.

FIG. 2 depicts a two-dimensional collision model, accord-
ing to one aspect of the disclosure. A collision model may be
used to model the change of state of a system upon the
collision ofthe ball 111 by the swinging leg. As shown in FIG.
2, the configuration of the ball may be represented by the
position (X,, y,) and the orientation 6, of the ball 111. The
configuration of legs is determined by the following param-
eters: the position of the ankle joints for the colliding (i.e.,
swinging) leg 121, given by (X, y,), and the supporting leg
122, given by (X,, y,); the angle of each foot 116a-b with
respectto a horizontal plane a.. and . ; the angular variable 6,
discussed above with respect to FIG. 1; and the linear variable
1, also discussed above with respect to FIG. 1. With the fore-
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6

going parameters, the configurations of the ball 111, the
swinging leg 121, and the supporting leg 122 may be
described respectively by the following vectors:

4,7%, ¥, 0,17 Q)

=[xy 001" U]

Q=% v, 0 801" ®)

g
S

where the subscripts “0,” “c,” and represent the ball, the
swing leg, and the supporting leg, respectively. The position
of'the contact between the ball and the floor can be expressed
in terms of q, of equation (6) as

Xo —robo } ©)

PF=[
Yo —¥o

Then the Jacobian matrix of p, with respect to q is

Lo e _[L O n (10)
%8 o1 o

The position of the contact between the ball 111 and the swing
leg 121 can be expressed as

an

X, + FobBpcosa, }

pPco = .
Yo — FoBosina,

Then the Jacobian matrix of p ., with respect to q, is

_ dpco (12)

Jeo =
9q0

[1 0 rocosozc}
T10 1 —rysine,

The position of the contact between the swing leg and the ball
on the lag can be expressed in terms of g as

(13)
Pco =

X — Acosa, }

Ve + Asine,

where A=x_-x_)cos a..—(y .-y, )sin .. is treated as a constant.
Then the Jacobian matrix of p,. with respect to q_, may be
determined from

14

dpoc 1 0 Asine, 0 0

Joc = =2 =
¢~ Taq. 0 1 Acosa, 0 0
The CoM position can be expressed in terms of q,. as

% + Ls, (15)

pPmc =

Ye + L,
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where s_=sin(a..+0_,) and ¢ _=cos(c+0,). Then the Jacobian
matrix of p, . with respect to q, may be expressed as

10 L, L

c (16)

dpuc Se

J ==
MCT Tag. 01 -1, -L

se Ce

Similarly, the Jacobian matrices ., J,5 and J, . for the
supporting leg can be calculated by substituting q, in place of
q.. in the foregoing equations.

Conservation of momentum implies:

Mu(do'~G0 ) ro Fo-Jco Fi-Tso Fa 17

M4 =4 o Fi=DicFs (172)

My(ds™=ds ) os FoTacFs (17b)

where {,, ¢ g5 @ denote respectively the velocities of the
ball, the swing leg, and the supporting leg; the superscripts —
and + distinguish quantities before and after collision; F,, F,,
F,, and F, denote the impulses at three contacts and the hip
joint, respectively, as depicted in FIG. 2; and

mg 0 0
Mo=|0 mg 0],
0 0 I
my +myp 0 mple,  mplg,  mas.
0 my+my —mplg —mplg, mpce
Mc=| mLl,, —-mols, Ms+1 M 0 |,
myle, —mplg, M; M; 0
mpSe mpce 0 0 my
and
Ms

has the same form as M. by replacing s and c_ with s .=sin
(0,+0,,) and c_=cos(a+0,), respectively.

In addition, the collision model may account for various
constraints, including friction, pure rolling of the ball 111, no
slipping at the contact between the swing leg 121 and the ball
111 after collision, no slipping at the contact between the
supporting leg 122 and the ball 111, and equality of the linear
velocities of the hip joint as calculated from the swing and
supporting legs.

The friction constraint may be expressed as the following
linear inequality constraints:

T T T
N0F0202><1,N1 F1 202><1,N2F2202><1 (18)
where
L op
Ny = ,
-1 pu
NT psine, + cos,  pcosa, — sina,
t usina, + cose  —pcosa, + sinag |
NT USin@ + cos@y  pCoses — sina;
usinog + cosa,  —pcosas + sinag |

and p is the friction coefficient.
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Pure rolling of the ball on the floor requires the following
equations to be satisfied:

Trodo =02 (19a)

Troo =021 (19b)

To avoid slipping at the contact between the swing leg 121
and the ball 111 after collision requires the following equa-
tion to be satisfied:

Jeolo ™Jcod ™02 (20)

Further, to avoid slipping at the contact between the sup-
porting leg 122 and the ball 111 requires the following equa-
tions to be satisfied:

Jsofo Josds =02 (21a)

Jsodo —Josds =021 (21b)

Equality of the linear velocities of the hip joint as calcu-
lated from the swing and supporting legs the following equa-
tions to be satisfied:

Jaasds —Tarcde =02, (22a)

Taasds —Iaecde =021 (22b)

FIG. 3 is a flow diagram illustrating one aspect of a method
300 for planning a cyclic gait of a biped robot using a dynamic
object. As shown, the method 300 begins at step 310, where a
computer receives values of object parameters, locomotion
parameters, as well as values of the mass and inertia of every
link of the robot. For example, in the case of a robot walking
on a rolling ball, the computer may receive values corre-
sponding to average velocity of locomotion, step duration T,
radius, mass, and inertia of a ball, and mass and inertia of
every segment of the robot.

At step 320, the computer determines, using the received
values, joint angles and joint velocities that minimize a cost
function associated with the balance controller and the colli-
sion model described in conjunction with FIG. 1. More spe-
cifically, the computer determines an initial state Xoo=10,07
0,717 for the supporting leg 122 such that after a time T equal
to the step duration, the swing leg 122 touches the ball 111
and achieves the same initial state for the next step. Because,
as indicated by equation (5), the motion of the supporting leg
122 depends only on its initial state, the problem of solving
for the initial state x,, may be reduced to an optimization
problem.

In one aspect, the optimization problem may include mini-
mizing a cost function with two parts: the difference between
the initial and final CoM positions in a step and the difference
between the initial states of two successive steps. Given the
initial state X, the final state x , written as x_=[6, o SfT 17,
can be obtained from equation (5). Specifically, the position
of the CoM 115 relative to the center of the ball 111 may be
determined using the equation

ro(sinfy; — B cosbso1) + Lsinfygp 23)

ps = . .
s ro(sinfyo; + Bs1cosbsor) + Lsinfsgp

where 8,,,=0,,+0,, and 8,6, +0,,. Let p,, and p_,denote
the CoM 115 positions given by equation (23) at the initial
state X, and the final state x_, respectively. In order for joint
angle 0_,=[0_, 0., 0., 1.]7 of the swing leg 121 before and
after collision to equal the initial joint angle 6 [0, 0,, 0., 1,17
of the supporting leg, the CoM p, must equal the CoM p,,. As
aresult, the error between the CoM p,-and the CoM p,, needs
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to be minimized. That is, one term of the cost function to be
minimized is the CoM error e, between the CoM of the
initial and final positions of a cycle, and e, ,, may be
expressed as

1 , 04
ecoM = z(pr = Ps0) Wp(psr — Pso)

The second term of the cost function to be minimized is the
difference between the initial states of two successive steps.
Assume the joint angle 0, reaches the same value as joint
angle 6, then the joint velocity 6, should also equal joint
velocity 0,,. In one aspect, the value of 0, is determined
using the collision model described above with respect to
FIG. 2. Specifically, the matrices M_, N, J - 5, J 5, and T ;- in
the collision model may be determined by taking x =0, y =0,
XTo sin(0,5+6,))-100,; cos(B,5+0,)), y.71, cos(B,5+6,)+
ro0, 8in(0,0+0,,), ¢, 70,0+0;,, and 0 ,=0,, where 0, 0,,.
and 0, are components of joint angle 0,,. Mg, N,, I, Jos,
and J,,c may be determined by a similar approach, except that
B0, 651, and 6, are components of joint angle 6,

In the collision model, the quantities to be determined
include the velocities .7, 4., 4.7, ¢,%, 4,7, ¢, and the
impulses F,, F,, F,, F5. The velocities q,” and q,” can be
determined from x,as

G, =[re0s0 0 6,017 @5)

‘I';:/Ruéso"'Rlzésl R2léSO+R22ésl ésOl és2 ZS]T (26)

where R, ,=r,(1+cos 0,,,+0,, sin 0,,), R,,=1,0,, sin 0.,
Ry =16(0; €08 0501810 O,51). Rop=r 0,1 €08 0,501, 05017050+
0,;, 0,0,=0,0+0,; and 0, 0, 0,4, 0,,, and O_, are compo-
nents of X . [tcan be verified that 4~ and ¢~ satisfy equations
(19a) and (21a), respectively.

The other contact constraints in equations (19)-(22),
together with equation (17), can be rewritten in the matrix
form as the underdetermined equation

Q7=1b @n
where
q=14; 4 4 4 Fo Fy F2 F3]" eR¥,
0 e R _p R,
Mo Ons Oz Oss —Jip —Jp —Jfy Osa
O3 Osxs —Mc Mc Osa Joe Osa Jie
O Ms  Osis Osis Ose Osia —Jbg Jigs

o=|Tro Onxs Ozxs O2xs U2z Oz Oz O |

Jeo Oxs —Joo Oas Oz D2k O2xa O2x2
Jso —Jso Oxs  Oaxs Oz Oz O2xz Oz
Oaxs Oaxs O2xs Jue Oz Oz 022 O2c2
Oaxs Jus —Juc Oaxs Oz Oz O22 D22
and
b=
(Mo, Oixs My Diz Oz Ona Opa (arsd;)'1

The impulses F,, F,, F, may be further required to satisfy
the friction constraint of equation (18), and based on g, and
q,", joint velocity 8, may be derived as
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00 1 00000 (28)
00 -100100[4
000_00000010[;,;}
000 00001
=Py

Based on the foregoing, the term of the optimization problem
requiring minimizing the difference between the initial states
of'two successive steps may be expressed as minimizing e,
subject to equations (18) and (27), where

@29

o] 5 IR
Estate = Hllmmlzej”PfI - 9x0||

The minimum object value of e, gives an error between
joint velocity 0_, and joint velocity 0, and it also gives an
error between X, and X, since joint angle 0, is taken to be
joint angle 0 .

Combining the two terms of the cost function to be mini-
mized gives the following function of x:

E:eComestate (30)

where e_,,, is given by equation (24) and e,
equation (29).

In one aspect, minimizing equation (30) includes simulat-
ing one or more trajectories of the robot model 119 in contact
with the ball 111 and controlled by the balance controller
described above with respect to FIG. 1 and choosing a simu-
lated trajectory that minimizes equation (30).

In a further aspect, the optimization is subject to two con-
straints. A first constraint requires that the contact point
between the supporting foot and the ball is within the sole
during the entire step. And a second constraint requires that
the ball roll at a predefined average velocity. The constraint of
the contact point between the supporting foot and the ball
being within the sole during the entire step limits 6, to the
range

o)
)

From equation (5), 8,=a.,"x , where o, is the second row of
¥R As aresult, 0, being limited to the range

is given by

-5 %)
ro’ ro
can be expressed as:

In r A 31
—— = maxeo,1] A2 X0| = —
Fo ¥

Based on equation (5), the constraint that the ball rolls at a

predefined average velocity 6,7 can be expressed as
(alT‘elT)xsozéodT ¢2)

where o, 7 is the first row of e and e, =1 0,, ,]. Equa-
tion (32) implies that the initial state x,, for achieving a
desired average velocity lies on a hyperplane with normal
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a,—e, in the state space. Combining equations (30) through
(32) gives an optimization problem for computing the initial
state x ., for the cyclic gait, for which the minimum value of E
is zero:

minimize E, subject to (31) and (32) (33)

In one aspect, minimizing equation (33) includes simulat-
ing one or more trajectories of the robot model 119 in contact
with the ball 111 and controlled by the balance controller
described above with respect to FIG. 1 and choosing a trajec-
tory that minimizes equation (33).

FIG. 4 is a flow diagram illustrating one aspect of a method
400 for maintaining a planned cyclic gait of a biped robot on
a rolling ball. Although the cyclic gait is planned before any
steps are taken, modeling errors and external disturbances
may cause the position and/or velocity of the supporting leg
122 at the end of a cyclic gait to be different from the planned
gait. As a result, the swing leg 121 may not reach the desired
states for a new cyclic gait before and after collision. Method
400 is a technique for redetermining the state of the robot 119
so that the robot 119 can be made to recover its cyclic gait.
That is, method 400 allows the robot to respond to, inter alia,
modeling errors and dynamical forces that occur while per-
forming the cyclic gait.

As shown, the method 400 begins at step 410, where a
computer determines joint angles for a next step from inverse
kinematics such that the swinging foot of the robot is con-
strained to touch the ball in the next step and the CoM of the
robot at the next step will be the same as the CoM at the
beginning of the planned cyclic gait. That is, the final CoM
position p,, which may be obtained by equation (23) with
respect to the final state x -of a cycle, may deviate from the
initial CoM position p,,, and in such a case, the joint angle 6
cannot be the same as joint angle 6, A pseudoinverse
method, or a damped least squares method that provides
higher numerical stability near singularities, may be used to
determine a value for the joint angle 6, such that p_=p .
Similar to equation (23), the CoM position p, with respect to
0. may be expressed as

ro(sinfeor — Be1c088c01) + Lsinfeoz 34

Pe = .
¢ ro(cosfeor + Os181n8c01) + LeosOe02

where 0_,,=0_,+0,, and 0_,,=0_,,+0 . Starting with an ini-
tial value of 6, which can be taken to be 6, the pseudoin-
verse method performs the following iteration to compute 0
such that p,=p_.:

0,600+ (PP 0)

where J=3p /30 _€R *** is the Jacobian matrix of p, with
respect to 0, and J7 is the pseudoinverse of J,

€D

; ro(l +cosbo ) +J, Ji  Lcosheg

sinf.op

J2 —Fy sinOCOl J2 - LSinecoz 0080602 ’

J,=r,0,,51n0 o, +L cos 0 _,,,and J,=r,0_, cos 0 _,,-L sin0 5.
The iteration stops when |[JT(p,~p.o)ll is small enough.
At step 420, the computer determines joint velocities 0
that minimize a cost function to obtain an initial state X, for
the robot to take another step. In one aspect, the collision
model discussed with respect to FIG. 2 is applied, and the
constraint of a desired average rolling velocity 6,7 is imposed.
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As a result, x_, should satisfy equation (32), which can be
rewritten as

alzTécozéodT:(auT‘[l 01,3100 (36)

where o, ; and o, contain the first and last four components
of a,, respectively. Equations (27), (28), and (36) can be
combined into

Q .
a{zP =

Equation (37) can be solved for §, from which 8_, is readily
determinable using equation (28). However, equation (37) is
underdetermined and has infinitely many solutions. As a
result, the planned cyclic gait may be maintained by mini-
mizing a cost function subject to equation (37).

In one aspect, minimizing the cost function includes mini-
mizing a CoM error at the end of each step e_,,, and mini-
mizing an error in the initial state of each step e,,,,.. From
equations (5) and (28), the final state of a step after collision
can be written as

b 37

.d
8T - (a]) - [1 O1x316c0

(38)

Oco
Xg = e(A—BK)T[ C. }
Pg

The CoM position p,rat the end of a step can be determined
viaequation (23). Since 0_, was determined at step 410, it will
be clear to persons skilled in the art that, based on equation
(38), the final center of mass after collision p_,and the final
state after collision x,are functions of 4. Let x,*=[6* 6 *1Tbe
anoptimal initial state for the planned cyclic gaitand p* be the
CoM position determined via equation (23) with respect to
Xo*. Then the error in the CoM position may be represented as

1 . (39)
ecom = z(pcf =p) Wplpg - p)

where p=(1-k,)p,+k,p* and k,€[0, 1]. Further, the error in
the initial state of each step e_, . may be represented as

state

Estate = %(éco - O)T Wx(éco — 0) 40)

where 6=(1 —ks)éso+ksé *andk [0, 1]. Putting equations (39)
and (40) together, the cost function may be defined as e+
€.,.10» a0d solving for q is reduced to solving the optimization
problem

MINIMIZe € coa+essase, SUbject to (37) and (38) (41)

In particular, using larger values fork, and k , the resulting
gait may be closer to planned cyclic gait.

FIG. 5 is a flow diagram illustrating one aspect of a method
500 for optimizing and controlling cyclic biped locomotion
of a robot using a dynamic object in two dimensions. As
shown, the method 500 begins at step 510, where a computer
plans a cyclic gait such that the robot makes use of the
dynamic object for locomotion. In one aspect, the computer
generates the plan for the cyclic gait according to the steps
described in detail with respect to FIG. 3.

The method continues at step 520, where the computer
causes the robot to execute the cyclic gait planned at step 510.
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In one aspect, the computer may send one or more commands
to a controller capable of configuring the articulated link
positions of the robot 119 by modifying the angles ofjoints of
the robot 119.

While the robot is executing the planned cyclic gait, the
computer determines at step 530 whether to continue the
planned cyclic gait. Assuming the computer determines that
the planned cyclic gait is to continue, then at step 540, the
computer generates a plan for the next step that helps main-
tain the planned cyclic gait. In one aspect, the computer
generates the plan for the next step according to the steps
described in detail with respect to FIG. 4.

At step 550, the computer causes the plan for the next step
to be executed by the robot. In one aspect, the computer may
send one or more commands to a controller capable of con-
figuring the articulated link positions of the robot 119 by
modifying the angles ofjoints of the robot 119. Thereafter, the
method 500 returns to step 530, where the computer deter-
mines if the robot will continue executing the planned cyclic
gait. If the computer determines that the robot will stop
executing the planned cyclic gait, then the method 500 ends.

FIG. 6 illustrates an example of a system 600 in which
aspects of the disclosure may be implemented. As shown, the
system 600 includes, without limitation, a central processing
unit (CPU) 610, a network interface 630, an interconnect 615,
a memory 660 and storage 620. The system 600 may also
include an [/O device interface 640 connecting I/O devices
650 (e.g., keyboard, display and mouse devices) to the system
600. The 1/O devices 640 and 650 may include a controller
capable of configuring the articulated link positions of a
humanoid robot 151 by modifying the angles of joints of the
humanoid robot 151.

The CPU 610 retrieves and executes programming instruc-
tions stored in the memory 660. Similarly, the CPU 610 stores
and retrieves application data residing in the memory 660.
The interconnect 615 facilitates transmission, such as of pro-
gramming instructions and application data, between the
CPU 610, I/O device interface 640, storage 620, network
interface 630, and memory 660. CPU 610 is included to be
representative of a single CPU, multiple CPUs, a single CPU
having multiple processing cores, and the like. And the
memory 660 is generally included to be representative of a
random access memory. The storage 620 may be a disk drive
storage device. Although shown as a single unit, the storage
620 may be a combination of fixed and/or removable storage
devices, such as fixed disc drives, floppy disc drives, tape
drives, removable memory cards or optical storage, network
attached storage (NAS), or a storage area-network (SAN).
Further, system 600 is included to be representative of a
physical computing system as well as virtual machine
instances hosted on a set of underlying physical computing
systems. Further still, although shown as a single computing
system, one of ordinary skill in the art will recognized that the
components of the system 600 shown in FIG. 6 may be
distributed across multiple computing systems connected by
a data communications network. Also, the functions of con-
trolling the joint articulation of a robot may be separate from
the systems and applications described herein used to derive
solutions for the robot to perform and maintain a cyclic gait
using a dynamic object, and are included in system 600 for
convenience of description.

As shown, the memory 660 includes an operating system
661 and applications 662-664. Illustratively, the operating
system may include Microsoft’s Windows®. The applica-
tions 662-664 include a cyclic gait planning application 662,
which is configured to plan a cyclic gait for the robot 119
using a dynamic object for locomotion. In one aspect, the
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cyclic gait planning application 662 is configured to deter-
mine joint angles and joint velocities that minimize a cost
function for a simplified dynamics model, as described in
detail above with respect to FIG. 3. The applications 662-664
further include a step planning application 663, which is
configured to plan a next step for the robot while the robot is
executing the planned cyclic gait so as to maintain the planned
cyclic gait. In one aspect, the step planning application 663 is
configured to determine, via inverse kinematics, joint angles
for the next step such that the robot CoM at the next step
before swinging-leg collision will generally match the robot
CoM of'the planned gait before swinging-leg collision and to
determine, via optimization, joint velocities that minimize a
cost function, as described in detail above with respect to FIG.
4.

The applications 662-664 further include a robot control
application 664, which may be configured to send signals to
the robot 119 indicating the joint movements to be made in
performing the planned cyclic gait and the planned step. That
is, the robot control application 664 may convert the planned
cyclic gait and the planned step, provided by the cyclic gait
planning application 662 and the step planning application,
respectively, to instructions that are sent to the robot 119,
thereby causing the robot 119 to move according to those
instructions.

Advantageously, aspects of the disclosure allow a com-
puter to plan a cyclic gait for a robot that creates a dynamic
environment for locomotion. Further, aspects of the disclo-
sure allow a computer to plan an appropriate state for a swing
leg before collision so as to maintain the planned cyclic gait.

While the foregoing is directed to aspects of the present
disclosure, other and further aspects of the disclosure may be
devised without departing from the basic scope thereof, and
the scope thereof is determined by the claims that follow.

What is claimed is:

1. A computer-implemented method comprising:

simulating, via one or more processors, one or more tra-

jectories of a robot in contact with a dynamic secondary
object, wherein the robot maintains balance on the sec-
ondary object throughout each of the one or more simu-
lated trajectories;

determining, based on the one or more simulated trajecto-

ries, a first initial state of a cyclic gait of the robot such
that the simulated trajectory of the robot starting from
the first initial state substantially returns to the first ini-
tial state at an end of one cycle of the cyclic gait; and
sending joint angles and joint velocities of the first initial
state to a set of joint controllers of the robot to cause a leg
of the robot to achieve the first initial state and to cause
the robot to move through one or more cycles of the
cyclic gait in motion with the secondary object,
wherein determining the first initial state includes:
substantially minimizing a difference between a simu-
lated center-of-mass position of the first initial state
and a simulated center-of-mass position of a final
state, the final state being the state of the robot at the
end of the one cycle of the cyclic gait, and
substantially minimizing a difference between simu-
lated joint velocities of the first initial state and simu-
lated joint velocities of the final state.

2. The computer-implemented method of claim 1, wherein
the simulated trajectories account, via a collision model, for
changes of state upon a leg of the robot colliding with the
secondary object.

3. The computer-implemented method of claim 1, wherein
the secondary object is a ball or a cylinder.
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4. The computer-implemented method of claim 1, wherein
determining the first initial state is subject to a constraint that
the secondary object move at a predefined average velocity.

5. The computer-implemented method of claim 1, wherein
determining the first initial state is subject to a constraint that
a contact point between a supporting foot of the robot and the
secondary object be within the sole of the supporting foot
during an entirety of each step of the cyclic gait.

6. The computer-implemented method of claim 1, wherein
determining the first initial state is subject to a friction con-
straint.

7. The computer-implemented method of claim 1, wherein
simulating one or more trajectories includes modeling the
robot as a lump mass, two feet, two ankle joints, and two sets
of springs and dampers.

8. The computer-implemented method of claim 1, wherein
the robot maintains balance on the secondary object via a
balance controller which continuously attempts to return the
robot to an equilibrium state.

9. The computer-implemented method of claim 1, further
comprising:

determining a difference between the simulated trajectory

corresponding to the first initial state and an actual tra-
jectory during a step of the cyclic gait;

determining, based on the difference, a second initial state

for a next step of the cyclic gait such that a trajectory of
the robot starting from the second initial state is closer to
the simulated trajectory corresponding to the first initial
state than is a trajectory of the robot without correction;
and

sending joint angles and joint velocities of the second

initial state to the set of joint controllers of the robot to
cause the robot to undertake the next step of the cyclic
gait.

10. The computer-implemented method of claim 9,
wherein determining the second initial state includes:

determining, via inverse kinematics, joint angles which

permit a simulated center of mass of the robot at a
collision of a swinging foot with the secondary object to
be substantially equivalent, relative to the secondary
object, to a simulated center of mass of the robot at a
collision of the swinging foot with the secondary object
according to the simulated trajectory corresponding to
the first initial state; and

substantially minimizing the difference between a simu-

lated center-of-mass position of an initial state and a
simulated center-of-mass position of a final state and the
difference between simulated joint velocities of the ini-
tial state and simulated joint velocities of the final state,
the final state being the state of the robot at the end of one
cycle of the cyclic gait.

11. A non-transitory computer-readable storage medium
storing a program, which, when executed by a processor
performs an operation, the operation comprising:

simulating one or more trajectories of a robot in contact

with a dynamic secondary object, wherein the robot
maintains balance on the secondary object throughout
each of the one or more simulated trajectories;
determining, based on the one or more simulated trajecto-
ries, a first initial state of a cyclic gait of the robot such
that the simulated trajectory of the robot starting from
the first initial state substantially returns to the first ini-
tial state at an end of one cycle of the cyclic gait; and
sending joint angles and joint velocities of the first initial
state to a set of joint controllers of the robot to cause a leg
of the robot to achieve the first initial state and to cause
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the robot to move through one or more cycles of the
cyclic gait in motion with the secondary object,
wherein determining the first initial state includes:

substantially minimizing a difference between a simu-
lated center-of-mass position of the first initial state
and a simulated center-of-mass position of a final
state, the final state being the state of the robot at the
end of the one cycle of the cyclic gait, and

substantially minimizing a difference between simu-
lated joint velocities of the first initial state and simu-
lated joint velocities of the final state.

12. The computer-readable storage medium of claim 11,
wherein the simulated trajectories account, via a collision
model, for changes of state upon a leg of the robot colliding
with the secondary object.

13. The computer-readable storage medium of claim 11,
wherein the secondary object is a ball or a cylinder.

14. The computer-readable storage medium of claim 11,
wherein determining the first initial state is subject to a con-
straint that the secondary object move at a predefined average
velocity.

15. The computer-readable storage medium of claim 11,
wherein determining the first initial state is subject to a con-
straint that a contact point between a supporting foot of the
robot and the secondary object be within the sole of the
supporting foot during an entirety of each step of the cyclic
gait.

16. The computer-readable storage medium of claim 11,
wherein the operation further comprises:

determining a difference between the simulated trajectory
corresponding to the first initial state and an actual tra-
jectory during a step of the cyclic gait;

determining, based on the difference, a second initial state
for a next step of the cyclic gait such that a trajectory of
the robot starting from the second initial state is closer to
the simulated trajectory corresponding to the first initial
state than is a trajectory of the robot without correction;
and

sending joint angles and joint velocities of the second
initial state to the set of joint controllers of the robot to
cause the robot to undertake the next step of the cyclic
gait.

17. The computer-readable storage medium of claim 16,

wherein determining the second initial state includes:

determining, via inverse kinematics, joint angles which
permit a simulated center of mass of the robot at a
collision of a swinging foot with the secondary object to
be substantially equivalent, relative to the secondary
object, to a simulated center of mass of the robot at a
collision of the swinging foot with the secondary object
according to the simulated trajectory corresponding to
the first initial state; and

substantially minimizing the difference between a simu-
lated center-of-mass position of an initial state and a
simulated center-of-mass position of a final state and the
difference between simulated joint velocities of the ini-
tial state and simulated joint velocities of the final state,
the final state being the state of the robot at the end of one
cycle of the cyclic gait.

18. A system, comprising:

a balance controller which maintains balance of a robot in
contact with a dynamic secondary object, the secondary
object used by the robot during locomotion;

a dynamics simulator to compute a trajectory of the robot in
contact with the secondary object and controlled by the
balance controller starting from an initial state;
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a computer-implemented process for optimizing an initial
state of a cyclic gait of the robot such that the trajectory
of the robot starting from the initial state substantially
returns to the initial state after one cycle of the gait; and
a set of joint controllers to cause a leg of the robot to
achieve the initial state and the robot to move through
one or more cycles of the cyclic gait in motion with the
secondary object, wherein
optimizing the initial state includes:
substantially minimizing a difference between a simu-
lated center-of-mass position of the initial state and a
simulated center-of-mass position of a final state, the
final state being the state of the robot at the end of the
one cycle of the cyclic gait, and

substantially minimizing a difference between simu-
lated joint velocities of the initial state and simulated
joint velocities of the final state.

#* #* #* #* #*

10

15

18



UNITED STATES PATENT AND TRADEMARK OFFICE
CERTIFICATE OF CORRECTION

PATENT NO. 19,156,159 B2 Page 1 of 5
APPLICATION NO. : 13/415605
DATED : October 13, 2015

INVENTORC(S) : Hodgins et al.

It is certified that error appears in the above-identified patent and that said Letters Patent is hereby corrected as shown below:

In the specification,

Column 4, Line 40, please delete “lo,” and insert -- /,, -- therefor;

Column 4, Line 40, please delete “TL=Ly+1” and insert -- L. = L, + [ -- therefor;

Column 4, Line 45, please delete “and/is™ and insert -- and / is -- therefor;

Column 5, Line 67, please delete “1,” and insert -- /, -- therefor;

Column 6, Line 7, please delete “q.=[x.y.00.1]" and insert -- g. = [x. ye @ O I.]" - therefor;
Column 6, Line 10, please delete “q, = [X,ys 05 0:21,]" and insert -- g, = [x, v, & 0,2 1] -- therefor;

Column 7, Line 14, please delete
Moldo G0 )V ro Fo-dco Fi-Jso Fa.

ondinsert . Mo (@6 — 45) = JTioFo —JtoF1 — JSoF 2 therefor:

MG =G ) o Fi=Tad'Fs.,
ndinsert . Mc@E — @z2) = JocF1 — JucFs therefor:

MGs*—4s )= o5 Fo-Tag Fs.

Column 7, Line 16, please delete “

Column 7, Line 19, please delete “

Signed and Sealed this
Seventh Day of June, 2016

Debatle 7

Michelle K. Lee
Director of the United States Patent and Trademark Office




CERTIFICATE OF CORRECTION (continued) Page 2 of 5
U.S. Pat. No. 9,156,159 B2

s+ s\ _ T T
andinsert . Ms@s — 45) = JosF2 — TucF3 _ therefor:

’

Column &, Line 3, please delete « JF OqO _02>< 1 ~and

insert -- Jroqo = 0z2x1 therefor;

» .‘fmw
Column &, Line 5, please delete « JF Oqc} 02?‘5 1 and

st
insert -- ]FOQO - OZX1 -- therefor;

S s
Column 8, Line 10, please delete JCOqO JCOqC 02)( | RS
S+ Bt
insert -- JeoQo —Jcolc = O2x1. therefor;
Column 8, Line 15, please delete « JS Ao _JOS s _Ozx 1+ and

s+ +_
Column &, Line 17, please delete “ Jsoqo _JOS qs 02)( 1404

-t St
insert -- ]SO do — IOSqS - 02X1 -- therefor;
Column 8, Line 22, please delete MS qs A ch 2xl»anq
insert -- ]qus_ B ]Mcq‘_' = OZXl -- therefor;

-+ LA S
Column 8, Line 24, please delete JM A) qS _JM qu‘ 02X 1 and

o+ -
insert .. IMss —Jmcqe = 02X1__theref0r;

x :[ 0 T 8 T ] T
Column 8, Lines 39-40, please delete 50 sO s0 ” and
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s T
_ T T
insert -- Xs0 = [65 0 95 0] -- therefor;

__ T T
; Xsf_[esf sf ] ’

Ex

Column &, Line 51, please delete and

) T
T T
Xer =
insert -- sf [Bsf Bsf ] 7 - therefor;
Column 8, Line 64, please delete “0,0=[0.0 Oc1 02 1.1 and insert - O = [0eo Oc1 Oz 1.]" - therefor;
Column 8, Line 65, please delete “0,0[050 051 0, L,]”” and insert -- G, = [0y 01 O3 L] - therefor;

Column 9, Line 24, please delete

Qo Qo Ao 6T 4, 9,
e 052 QAT G5 e

Column 9, Line 25, please delete “ qo_ and qs_ ” and

insert -- q(; and q; -- therefor;

Column 9, Line 28, please delete « qa_z[roes 0 0 6.5 0] ‘ ” and

. . . T
o = |10, 0 O
insert -- 4o [ 0¥s0 SO] -- therefor;

Column 9, Line 30, please delete

- *

L4 =R 10,0+R 1505 Ry 10,0+R-0, 0,0, 0,57

and

L . . . . , . . T
s = [Rllgs{) + Rip8s Ry10s0 + R2nBsy 0501 Os2 ls]

insert -- -- therefor;

qo_ and q‘g_” and

Column 9, Line 35, please delete “

insert -- qo and qs therefor;
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Column 9, Line 45, please delete

g=la 4 4 4 Fo L P, F3] eR%,_

men . 4 =145 45 47 4z Fo F, F, F3]" € R*

Column 9, Line 62, please delete

. . T
ClMeaY Ops (M) 0o O Ope Opg (Uasg)' ]

insert --

LI
. 9 1
Column 9, Line 66, please delete “ @ »andinsert -- 10 - therefor;

L
- Y9s s qs
Column 9, Line 67, please delete “ ” and insert -- 1S *-- therefor;

T
0,70, X, ond

Column 10, Line 47, please delete “

— T
insert -- 91 = AzXs0 . therefor;
T T
Column 10, Line 47, please delete 2 > andinsert-- X2 therefor;
d .
8 d
Column 10, Line 62, please delete O  ~andinsert - 70 — therefor;

(o, T—e, Dx, =0T . .

Column 10, Line 63, please delete nd

T T _ Apd
insert -- ((11 €1 )xSO o 60 T—- therefor;

r

T
Column 10, Line 65, please delete “ 1 ” and insert -- a _ therefor;

(M) 045 (MoGs)T 050 0150 0450 0450 (Tys@s)T1T.

nd

' - therefor;

and

-- therefor;

Page 4 of 5
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T
~ e, =[10,,,]
Column 10, Line 65, please delete “ = ” and

e:‘f =[1 04x7]

insert -- -- therefor;

Column 12, Line 4, please delete

. C‘lzrecozeode(allr‘[l 01,:3])00.

and

- therefor.



